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, Abstract. Gradient Ricci almost solitons were introduced by Pigola, Rigoli, Ri- 

' moldi and Setti [T^. They are defined as solitons except that the metric coefficient 

, is required to be a smooth function rather than a constant. It is shown that any al- 

' most soliton is conformal to another almost soliton having a soliton function which 

is minus the original one. Uniqueness, and the case where both the source and 
(N ■ target are solitons, are studied. Completeness of the target metric is also examined 

in the case where the source is Kahler and admits a special Kahler-Ricci potential 
■ in the sense of [71 [S]. 

c3 : 1. Introduction 

A gradient Ricci soliton on a manifold M is a Riemannian metric g satisfying 

(1.1) T + Vdf = Xg, 
> ■ 

O ' where r denotes the Ricci curvature of g, 'Vdf stands for the (^-Hessian of a smooth 

^ . function / and A is a constant. We call / the soliton function and {g, f) a soliton 

Q I pair. If / is constant the soliton is called trivial. We also call A the metric coefficient. 

Ricci solitons have been intensively studied in recent years (cf. [9l |2l Ej), and 
O ■ their importance derives in part from the role they play in the study of the Ricci 

flow. More recently, the more general notion of a gradient Ricci almost soliton was 
introduced by Pigola, Rigoli, Rimoldi and Setti Almost solitons and almost 

soliton pairs are also deflned via (11.11) . but with the metric coefficient A an arbitrary 
^ ■ smooth function. In this case we call {g, f) an almost soliton pair, yet / is still called 

! the soliton function. A more general notion considered in [13] is that of a pair [g, f) 

as above satisfying a Ricci-Hessian equation 

(1.2) T + aVdf = Xg, 

in which the coefficients a, X are smooth functions. 
In [13], a major role was played by the mapping 

(1.3) {9j)^ir'9j-'), 

an involution on the collection of pairs deflned on some suitable open set. In this 
note we examine what could be considered its companion, namely another involution, 
taking the form 

(1.4) (^7,/)->(?,/):=(e-^^7,-/), 

where n is the dimension of M. 

As shown in [13], the involution (II. 3p has an invariant subset consisting of pairs 
satisfying a Ricci-Hessian equation. The remarkable property of (II. 4p explored in this 
note, is that it possesses a smaller invariant set consisting of gradient Ricci almost 
soliton pairs. As (II. 4p restricts to a conformal change on the metric component. 
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another way to state this is that every gradient Ricci almost sohton is conformal 
to another gradient Ricci almost soliton having soliton function which is minus the 
original one. 

The relation between the two involutions (11. 4p and (11. 3p can be seen by analogy. 
Consider the formula for the Ricci tensor of a metric g conformal to a gradient Ricci 
almost soliton ^= g/r'^ with soliton function /, namely 

(1.5) T + {n- 2)r" Vdr + Vrf/ + 2r"^dr Q df = (3g. 

for a certain function /3. The two Hessians in this formula have the following inter- 
changeable role. Each of the conformal changes in (11.31) and (ll.4p implies a particular 
functional relation between / and r which results in (II. 5p being reduced to a simpler 
equation. Namely, Equation (11.50 is transformed to a Ricci-Hessian equation in the 
first case (with the Hessian term being V(ir), and to an almost soliton equation in 
the second case (with Hessian term Vdf). 

2/ 

The square root of the conformal factor in (11.40 . namely e "-^ , has been employed 
in a number of works as a useful conformal factor in its own right (see [3], [17], and 
also in the very recent [TT] and [U]). Its effect on Equation (II. 5p is a simplification 
resulting in an equation involving, instead of a Hessian, the term drQdf = r'df^df. 
Some of the derivations below, especially Proposition 12.31 follow closely a pattern 
set out in [Hj. One merit of the 'duality' examined in this work, as compared to 
Corollary 4.10 in [TT], is its applicability beyond the realm of warped products with 
a one dimensional base. 

The study of both involutions can be applied to the case where g is Kahler. How- 
ever, we will review the fact that any gradient Kahler- Ricci almost soliton is, in fact, 
a gradient Kahler-Ricci soliton. In the case of a Kahler metric conformal to a gradi- 
ent Ricci almost soliton, a pertinent role is played by a potential for a Killing vector 
field. For the involution (II. 3p . this Killing potential is just the square root r of the 
conformal factor, while for involution (ll.4p it is the soliton function /. Both of these 
are the extreme special cases in the moduli space considered in [6J, a work written 
in Polish. There, in the context of Kahler metrics conformal to Ricci solitons, both 
r and / are regarded as essentially arbitrary functions of a Killing potential. 

It will be shown below that complete almost solitons g and ^ corresponding to each 
other under (ll.4p cannot both be actual gradient Ricci solitons, unless they are both 
trivial. It follows from this that a complete gradient Kahler-Ricci soliton cannot have 
an image ^ under the involution (II. 4p , which is Kahler with respect to some complex 
structure. This is in sharp contrast with the behaviour of the involution (II. 3p . as was 
shown in [T^ . 

In the final section we study the completeness question for ^ when g a gradient 
Kahler-Ricci soliton which is at the same time a metric with a special Kahler-Ricci 
potential, in the sense of [7]. These solitons belong to a type studied by Koiso [12] . 
and also Cao [1]. 

2. Duality and Ricci solitons 

2.1. Conformal changes. Let {M,g) be a Riemannian manifold of dimension n, 
and r : M — )■ M a C°° function. We write metrics conformally related to g in the 
form ^ = g/r^i and let V, V denote the corresponding Levi-Civita connections as 
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well as the metric gradient operators. The Koszul formula, 

2g{'VujV,u) = du)[g{v,u)] + dy[g{w,u)] -du[g{w,v)] 

+ g{.v, [m, w]) + g{u, [w, v]) - g{w, [v, u]) 

for smooth vector fields u, v, w, with du etc. denoting directional derivatives, yields 
the following expression for the ^-Hessian of a function / : M — )■ M 

(2.1) Vdf = Vdf + T-'[2dTQdf- g{VT,Vf)g], 

where dr Qdf = {dr ®df + df® (ir)/2 with ® denoting the tensor product. We will 
be concerned primarily with the case where df Adr = 0, i.e., at points where df ^ 0, 
r is given locally as a composition t = H o f for some smooth function if : M — )■ M. 
In this case, (12. ip becomes 

(2.2) W/ = Vdf + 2T-\'df®df-T-\'\Vf\^g, 

with ' denoting differentiation with respect to / and | ■ | is the (yf-norm. 

Also recall the conformal change expression relating the Ricci tensors of g and ^, 
with A denoting the Laplace operator: 

(2.3) r = r + (n - 2) r^Vrfr + [r^^Ar - {n - I) r^^lVrl^] g. 

In the case where r depends locally on /, we write the second term on the right in 

terms of /, obtaining 

(2.4) 

r = r + (n - 2) T-^r'Vdf + {n - 2) r'^'df ® df + [r'^Ar - {n-l) t-'^\Vt\^] g. 

2.2. Duality for almost solitons. With M, g, f and other notations as above, we 
consider the case where the pair {g, f) forms an almost soliton pair. 

Proposition 2.1. Let M be a manifold of dimension n > 2, and suppose {g,f) 
denotes an almost soliton pair satisfying U.l\) . Then ijj. f) := {g/r'^.—f), with 
T = 6"^, is also an almost soliton pair. The latter pair satisfies^ +'Vdf = XTj, with 

(2.5) A = r2(A + /3 + 5), 

where f3 = t^^At — {n — 1) r^^|Vrp and 6 = t^^t'\V fl"^ denote the coefficients of 
g in Ii2.3\) and l{2.^) . respectively. 

At times ^ will be referred to as the almost soliton dual to g, and (11.41) will then 
be called a duality. 

Proof Noting that / = -/, one has, by ([23D and (O, 

r + Vdf = T + {n-2) r'^'Vdf +{n-2) T-\"df ® df + Pg 
+ {-Vdf - 2r- V df®df+ Sg) 

= T + {{n- 2)r-\' - 1) Vdf + ((n - 2) r^V" - 2r-W) df ® df 

+ iP + syg 

= r +(2-l)Vrf/ + r-i (^-^--^^df^df + iP + 6yg 
= r + Vrf/ + (/3 + 6yg = (A + /3 + d^g, 
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where in the penultimate equahty we have used the expression for r as a function of 
/• □ 

2.3. Uniqueness. We show here that among all choices of a conformal factor r and 
a soliton function / in which both are functions of the initial soliton function /, 
(essentially) only the combination of these two given in (11.41) gives rise to a dual 
almost soliton. 

Proposition 2.2. On a manifold M of dimension n > 2, let g be a gradient Ricci 
almost soliton with soliton function f . Suppose T{f), k{f) are smooth functions of a 
real variable, regarded as functions on M via composition with f , and T{f) is non- 
constant. Assume {T{f ))~'^g is a gradient Ricci almost soliton with soliton function 

/ = k{f). Then T{f) = e"-^ and k{f) = — / up to an additive or, respectively, a 
multiplicative constant. 

Proof. A computation similar to the one in Proposition 12.11 yields that for a dual 
almost soliton we have, for the coefficients of Vdf and df <^ df, the following two 
equations, respectively: 

{n - 2)t-^t' + k' = 1, {n- 2)t-^t" + k" + 2T-\'k' = 0. 

Subtracting the derivative of the first equation from the second equation yields, after 
dividing by the nonzero coefficient r' and rearranging, the equation 

(2.6) (logr)' = ^—k'. 

n — 2 

Substituting this in the first equation yields k' = —1, so that k{f) = — / up to an 

2/ 

additive constant, and then from (12. 6p we have r(/) = e™^, up to a multiplicative 
constant. □ 

2.4. The mapping problem for solitons. We now consider whether the image of 
a gradient Ricci soliton under the map (II. 4p can itself be a soliton. It will turn out 
that this can happen only rarely. First, note that a gradient Ricci soliton satisfies 

(2.7) A/-|V/p = -2A/ + fc 

for a constant k, with / and A as in (II. ip . This relation given by Hamilton (cf. [5]) is 
deduced by combining the trace of the soliton equation with a computation involving 
the Ricci identity. 

Recall that a gradient Ricci soliton is called steady if its metric coefficient function 
vanishes. 

Proposition 2.3. Let M be a manifold of dimension n > 2. If, on M, the image 
of a gradient Ricci soliton pair {g, f) satisfying M.l\) under the map ( [i.^| ) is also a 
gradient Ricci soliton pair, then either f is constant or both metrics are incomplete 
steady solitons and the constant k of ^2. 7| j is zero. 

Proof. The proof resembles Proposition 6.1 in [11]. In fact, writing the metric coef- 
ficient A of (12. 5 p explicitly, we have 

A = (A + r-^Ar - {n - 1)t'^\Vt\^ + r-\'\Vf\^) , 
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with T = e"-2. Using the latter relation along with |Vrp = (t')^|V/P and At = 
r'A/ + r"|V/|2 gives 

and so 

(2.8) A = e^(^A + ^(A/-|V/r)y 
Equations (12. Sp and (12.71) both hold exactly when 

ft — 2 ^ — 4f 

(2.9) (Ae^^ - A) = -2A/ + A;. 

Applying the operator d to this equation, with A and A constant, yields that solutions 
only occur for n 7^ 2 if / is constant or A = A = 0. In the latter case, we proceed as 
in [TTj, Namely, we have A/ — |V/p = by (12. 8p . Thus, because the scalar curvature 
of a steady (A = 0) soliton satisfies R = —A/, we get —R — |V/p = 0. Now it 
is known [1] that for g a complete steady soliton, R> 0. Consequently, in that case 
|V/p = 0, so that again / must be constant. Thus if it is not constant, g must be 
incomplete, and since g and ^ are symmetric with respect to the involution (11.41) . the 
metric ^ is also incomplete. Finally, from Equation (12. 9p . if A = A = then = as 
well. □ 

3. The Kahler case 

3.1. Generalities. The Kahler condition forces an almost soliton to be a soliton. 

Proposition 3.1. Let M be a manifold of dimension n > A. A gradient Ricci almost 
soliton pair {g, f) on M , for which g is Kahler with respect to some complex structure 
J, is in fact a gradient Kdhler-Ricci soliton. 

This follows from Lemma 6.1(ii) of [7j. For completeness, we give the proof in a 
form that resembles Proposition 3.3 of [TB]. For this, recall that a Killing potential 
/ on a Kahler manifold (M, J, g) (with J the almost complex structure), is a smooth 
function for which u := JV/ is a Killing vector field, i.e. Lug = where is the 
Lie derivative. 

Proof. From (11.11) . since g and the Ricci curvature r are hermitian, so is Vdf. By [TJ 
Lemma 5.2], this implies that / is a Killing potential. By [7\ Lemma 5.5], this in 
turn implies that Vdf{J-, ■) = d{i^fUj)l2. 

Now compose Equation (11.11) with J and apply the differential operator d to the 
result. Using the conclusion of the previous paragraph and the fact that the Kahler 
form u and the Ricci form are closed, one arrives at = c/A A w. But the operation 
Acj is injective on 1-forms in dimensions four and above. Hence d\ = Q. □ 

Note that for any gradient Ricci almost soliton it is known that the metric coeffi- 
cient function is locally a function of the soliton function (see Remark 2.5 in [16]). 

As mentioned in the introduction, unlike the situation for the involution (II. 3p . 
Propositions 12.11 12.31 and 13.11 together imply that in the Kahler setting, the property 
of having a dual complex structure does not hold for the involution (ll.4p : 
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Corollary 3.2. Given a nontrivial complete gradient Kahler-Ricci soliton g with soli- 

-4/ 

ton function /, the metric e"--'^g is not Kahler with respect to any complex structure. 

In fact, we know that the metric in question is an almost soliton. If it were Kahler, 
it would be a Kahler-Ricci soliton. Both this metric and g would thus be gradient 
Ricci solitons, but in that case g cannot be both complete and nontrivial. 

The propositions above can be applied to the study of the setting analogous to the 
one considered in [13j, namely that of a Kahler metric conformal to a gradient Ricci 
almost soliton. Note that, as the latter is the target metric in this setting, in the 
next proposition our notations for the metrics are reversed from those in the rest of 
this work. 

Proposition 3.3. Suppose g is a Kahler metric on a complex manifold (M, J) of 
dimension n > 4, which is conformal to a gradient Ricci almost soliton g := g/r"^ 
with soliton function f . If f is a g-Killing potential and r is locally a function of f 
with r(0) = — and r'(0) = 1, then g is a Kahler-Ricci soliton. 

Proof. Since g is conformal to an almost soliton, (12. ip and (12. 3 P yield 

r + {n-2)T-^VdT + Vdf + 2T-^dTQdf 

= + (n- l)r-2| Vrp - r^^Ar + T'^giVr, Vf)]g, 

with A the almost soliton coefficient function of {'g, /). If dr Adf = 0, we regard r as 
a function of /, and this expression becomes, in similarity with Proposition 12. ![ 

T +{{n- 2)r-V' + 1) Vdf + {{n - 2) r^V" + 2r-V') df ® df = {Xt^^ -f3 + 6^g, 

with /3, 6 as in that proposition. As / is a Killing potential for the Kahler metric g, 
the Hessian Vdf is hermitian with respect to the associated complex structure, and 
thus all the terms in the last equation are hermitian except for df ® df. Thus for the 
latter term, the coefficient (n — 2) t~^t" + 2t~^t' must vanish, giving an ODE whose 
solution with the given initial conditions is r = exp(— 2//(?2 — 2)). We can now apply 
Proposition 12.11 (with 'g and g interchanged) , to conclude that 5^ is a gradient Ricci 
almost soliton. As g is Kahler, Proposition 13.11 yields that it is in fact a gradient 
Kahler-Ricci soliton. □ 

3.2. Example: Ricci solitons that admit a special Kahler-Ricci potential. 

Metrics with special Kahler-Ricci potentials have been studied in [TJE] and [13]. If a 
gradient Ricci soliton also admits such a potential, it is of a type first considered by 
Koiso [12] , and also Cao [T] . We give here an independent viewpoint on such metrics 
and then consider their dual under the map induced by (II. 4p . 

A Kahler metric g on a complex manifold (M, J) admits a special Kahler-Ricci 
potential / if / is a Killing potential and, at each noncritical point of /, all nonzero 
tangent vectors orthogonal to the complex span of V/ are eigenvectors of both the 
Ricci tensor and the Hessian of /. This rather technical definition implies, by [71 
Remark 7.4], the existence on an open set, of a Ricci- Hessian equation (II. 2p . which 
we reproduce here: 

(3.10) r + aVdf = Xg. 

The coefficients a, A are smooth functions, and in fact locally functions of /. The 
metric g is called an SKR metric and {g, f) is called an SKR pair. 
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We turn next to the local classification of metrics with a special Kahler-Ricci 
potential. We consider only the non-trivial case, of metrics that are not local products 
of Kahler metrics. In this case the metrics come in the following families involving 
one free function, described using a variant of the Calabi construction. 

Let TT : (L, (•, •)) — )■ (A^, h) be a Hermitian holomorphic line bundle over a Kahler- 
Einstein manifold of complex dimension m — 1. Assume that the curvature of (■, ■) is 
a multiple of the Kahler form of h. Consider, on L\N (the total space of L excluding 
the zero section), the metric g given by 

(3.11) g\n = 2\M7r*h, = {■, ■), 
where 

- V,7/ are the vertical/horizontal distributions of L, respectively, the latter deter- 
mined via the Chern connection of (■,■), 

- r is the norm induced by (■,■), 

- / is a function on L^N obtained as follows: one fixes an open interval / and a 
positive C°° function Q{f) on /, solves the differential equation (a/Q) df = d(\ogr) 
to obtain a diffeomorphism r(/) : J — )■ (0, oo), and defines /(r) as the inverse of this 
diffeomorphism (composed on the norm r), 

- c and p 7^ are constants and /c = / — c. 

For m > 2, the pair {g, f) is a nontrivial SKR pair. Conversely, for any nontrivial 
SKR metric (M, J, g, f) with m > 2, any point that is not a critical point for / has a 
neighborhood biholomorphically isometric to an open set in some triple {L,g,f{r)) 
as above (this is a special case of [71 Theorem 18.1]). 

The function Q of a nontrivial SKR metric as above is given by Q{f) = 2/c0(/), 
where 0(/) is a solution to the ordinary differential equation derived from f l3.10p . 
Namely, 

(3.12) (/,)20" + ^f^)lm - (/,)a]0' - m0 = -sgn(0)«:/2 

holds at points which are not critical for / and for which 0'(/) is nonzero, with k the 
Einstein constant of the metric h [131 Proposition 4.1]. 

We now suppose that the Ricci-Hessian equation of an SKR metric also defines a 
gradient Ricci-soliton, in other words a = 1 and A is constant in fl3.10p . Substituting 
a = 1 in fl3.12p . the resulting differential equation has solutions 0(/), which we take 
for positive (p, given by 

(3.13) ^^n^-i^A^L^Be'-y^ 

for constants A, B. One can verify that for these the function A is indeed constant, 
as it must be by Proposition 13. 1[ from the formula 

A = a0+(a/,-(m + l))0'-/,0", 

valid for any such SKR metric (see [131 Section 4.2]). 

The almost soliton dual under (11. 4p to an SKR metric of this type is thus given by 

(3.14) g\n = 2\Ue^-7:*h, = ^ Re (-, •). 
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We now examine conditions under which ^ is complete. Assuming the manifold 
is compact, it is enough to check completeness for the ^-geodesies normal to, say, 
the zero section of L, an /-critical manifold. Since the conformal factor is a function 
of /, it follows that these geodesies coincide, as unparametrized curves, with the 
(yf-geodesics normal to the zero section. 

In fact, unparametrized (^-geodesies form integral curves of f := V/ (see [8,, Section 
8]), and thus VvV = av for some function a. Now for vector fields x, y on M, we 
have the conformal change formula VxV = ^ xU — {dxf)y — {dyf)x + g{x, y)V f . Thus 
VvV = (a — 2dvf + |V/p)f := /3f , and therefore the ^-geodesies also coincide with 
integral curves of V/. 

To obtain the arc length formula, we first reparametrize an integral curve x{t) of V/ 
so that / itself is the new parameter, giving the form x{f). Then the velocity is given 
by x'{f) = ij'{f)x'{ip{f)) = ^'(/)V/|i(^(/)), where t = i){f) is the reparametrization 
map and the prime denotes differentiation. To compute ip'{f) we apply g{-,Vf) to 
this equation, giving 



1 = 37/ = 4'/ = 9ix\ V/) = V''(/)^?(V/, V/) := fif)Q. 



Thus the velocity x' is given by ^V/. (The notation Q corresponds to Q{f), as 
in fact the expression 5'(V/, V/) is locally a function of / (see [3 Lemmas 7.5 and 
11.1]), namely Q{f) of Equation fl3.14p .) Hence the ^-arc length s of the curve x{f) 
is characterized by 



^ = ^/gix'if),x'if)) = \le-^^g{x>{f),x'{f)) = e'^^Jg = e"^-^ 



.sup/ ^ 

Completeness thus depends on the non-integrability of / e "-2 —=df, where the 

iinf / V V 

infimum and supremum are with respect to the range of values of /. 

We distinguish a few cases. If the range of / is a finite interval, we focus, say, on 
the endpoint a := inf /. An infinite contribution to the integral near a can clearly 
only occur if a is a zero of Q. Assuming we have such a zero, if Q'{a) 7^ then 1/a/Q 
is asymptotic to (/ — a)"^/^ near a, so that the integral is finite. However, under 
these conditions g extends smoothly to the level set {/ = a} (see Remark 4.3 and 
Lemma 4.4 of [8]), hence 'g extends as well and the finite length curve x{f) has a 
limit at a, so that, assuming the same behaviour at sup /, we see that ^ is complete 
(in fact the manifold is then compact). 

Next, if Q{a) = Q'{a) = 0, then 1/a/Q is asymptotic to (/ — ay with p < — 1 so 
that the integral diverges and x(t) has infinite length to the critical set. If this occurs 
also at sup / then ^ is complete. 
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There remains the case where, say, sup / = oo. Making the substitution u = 1/fc 
gives, using the exphcit expression (I3.13p for in Q{f) = 2/c0(/): 

(3.15) 



oo 



2/ 1 




1 „-l _£_ 



e "-2 -—c?/ = — I e e'"-i — ^ u du. 



Assuming 5 7^ (the analysis of the case 5 = is similar), neglecting the polynomial 
in u~^, the integrand of the last expression is asymptotic to 

as u — 7- O"*". Over, say, the interval [0, 1], the integral of this quantity converges for 
m > 1, so that ^ is incomplete. 
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